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I. INTRODUCTION

The prime goal when analyzing test
samples is to determine the number of com-
ponents they contain, identify the compo-
nents, and optionally to determine their con-
centrations. This usually requires that the
components be separated, which is a tedious
process that may not always be feasible. By
spectroscopy, components in a test sample
may be identified by comparing the mea-
sured spectrum with those of standards. If
standards are not available, the common
belief has been that the components’ spec-
tral responses cannot be separated, which
precludes their identification. However, as
discussed here, modern multivariate ap-
proaches, in combination with rational ex-
perimental design, open some powerful
means to characterize test samples with mini-
mum assumptions. These methods are today

commonly known as chemometrics — a word
coined in 1971 by the Swedish chemist
Svante Wold — which refers to the applica-
tions of mathematical and statistical meth-
ods to solve chemical problems. A large
number of chemometric methods is avail-
able today. In this review we focus on the
methods developed in our group that do not
require reference spectra.

The first serious attempt to analyze spec-
troscopic data using multivariate methods
was made in 1971 by Lawton and Sylvestre.1

They showed that it was not possible to ob-
tain an unambiguous result when analyzing
sets of regular 1-dimensional spectra, and
provided a self-modeling curve resolution
(SMCR) method to estimate a solution
range for the components’ spectral responses
and concentrations assuming nonnegative
responses. Their approach was later general-
ized to more components.2 However, experi-
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mental data contain noise that may cause
some data points to be negative, and strin-
gent application of the non-negative crite-
rion may disqualify the correct solution.

In 1990, our group found a way to re-
move the solution ambiguity. By a strategic
experimental design that generated multidi-
mensional data suitable for analysis by
Procrustes rotation, we showed it was pos-
sible to determine components’ spectral re-
sponses and their relative concentrations in a
series of test samples without making as-
sumptions about spectral shapes and without
using references.3,4 This approach has been
shown to be mathematically equivalent to
the generalized rank annihilation method by
Sanches and Kowalski5 that was originally
developed to compare test data with those of
a standard set. The Procrustes rotation method
has later been used to characterize pairs of
samples by two-dimensional spectroscopy,6,7

and it can also characterize a single sample
by a 3-dimensional measurement. As a
complement to the Procrustes rotation
method, the physical constraint approach was
developed to determine spectral responses
and relative concentrations of components
that are in chemical equilibrium. The analy-
sis is applicable to regular 1-dimensional
spectra and it is particularly useful to study
equilibria where some of the components
cannot be obtained in pure form. It was ini-
tially applied to two-component equilibria,8

but is readily applicable also on multicom-
ponent systems.9 Particularly interesting are
approaches based on temperature variations,
which can be applied on individual test
samples.10 In this review, we describe both
the Procrustes rotation and the physical con-
straint approaches and demonstrate their ap-
plicability by several examples.

II. DETERMINING THE NUMBER OF
COMPONENTS IN THE SAMPLES

The first problem encountered when
analyzing test samples spectroscopically is

to determine the number of components that
they contain. Only those components that
contribute to the recorded spectra can be
distinguished. If two species, A and B, in-
teract to form a complex AB, the number of
components is three: A, B, and AB. If both
A and B contribute to the recorded spectra
and their spectral responses change upon
complex formation so that the spectrum of
AB is different from the sum of the A and
B spectra, all three species can be distin-
guished. But if only A or only B contributes
to the spectra, or the spectrum of AB is the
sum of the A and B spectra, only two of the
components are independent. The relative
concentrations of the components must also
differ among the samples. For example, two
protolytic species are readily distinguished
in a pH titration, while their contributions
can not be separated in samples that have
the same pH. The number of components
that can be distinguished is the same as the
number of independent spectra that accounts
for all systematic variations in the experi-
mental data, and can be determined by a
procedure known as principal component
analysis, PCA.11

III. PRINCIPAL COMPONENT
ANALYSIS

In PCA the recorded spectra are ar-
ranged as rows in an (n × m) data matrix, A,
where n is the number of recorded spectra
and m is the number of data points col-
lected per spectrum. Matrix A is then de-
composed into an orthonormal basis set
(Figure 1):

A T P t p= ′ = ′

( )

× ×
=

∑n q q m

i

q

i i

q n m

1

where = min ,
(1)

Tn×q is an n × q matrix whose columns, t i,
are referred to as target vectors. The nor-

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
0
7
 
1
7
 
J
a
n
u
a
r
y
 
2
0
1
1



Copyright © 1999, CRC Press LLC — Files may be downloaded for personal use only. Reproduction of this material

without the consent of the publisher is prohibited.

3

FIGURE 1. Top: Principal component decomposition of data matrix A into a product of a target (T) and a
projection (P) matrix. Bottom: Relation between the data matrix A and the concentration (C) and spectral
response (V) matrices.

malized target vectors are the eigenvectors
of matrix AA ′, which is the n × n square
covariance matrix obtained by post-multi-

plying A by its transpose. Their lengths are
the eigenvalues of AA ′. The target vectors
are orthogonal
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t ti j

k

n

ki kjt t i j′ = = ≠( )
=

∑
1

0 (2)

P′ is an (q × m) matrix whose rows, P′i, are
referred to as projection vectors. The projec-
tion vectors are eigenvectors to matrix A′A
and they are orthonormal:

p p

p p

i j

k

m

ik jk

i i

k

m

ik ik

p p i j

p p

′ = ′( ) ′( ) = ≠( )

′ = ′( ) ′( ) =

=

=

∑

∑
1

1

0

1
(3)

The target and the projection vectors are
called the principal components (PCs) of
matrix A.

A. The r Most Significant PCs
Account for the Spectral Features

Figure 2 shows a set of absorption spec-
tra of fluorescein at different pH in the inter-

val 2.0 to 9.5. The spectra are decomposed
into principal components and the four most
significant are shown in Figure 3. The pro-
jection vectors have distinct spectral fea-
tures and the target vectors vary systemati-
cally with pH, suggesting that they reflect
features of the sample components. The rel-
evance of the PCs can be tested by reproduc-
ing the spectra:

Ã t pl

i

i

i i= ′
=

∑
1

(4)

where Ã i is the data matrix reconstructed
from the l most significant PCs. Figure 4
shows the reconstructed spectra from 1 to 4
of the most significant PCs and compares
them with the measured spectra. When three
or less PCs are used the residuals are sub-
stantial and clearly non-random, while with
four PCs the difference between the repro-
duced and measured spectra is negligible.
This tells us that four fluorescein species
contribute to the measured spectra. These

FIGURE 2. Absorption spectra of fluorescein recorded in the pH interval 2.0 to 9.5. The intensity at 490 nm
increases with increasing pH.
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FIGURE 3. The four most significant principal components. Projection vectors are shown in the top panel and
target vectors in the bottom panel. The principal components are shown normalized for clarity.

have been shown to be the cation, neutral
species, anion and dianion.6

The number of significant components
that contribute to the spectra can also be
determined by statistical means. Elbergali
et al. compared a number of statistical tests
and found the factor indicator function (IND)
to perform best for spectroscopic data.12

IND l

g

n q l

q l

j l

q

j

( ) =

( )





















( )

= +
∑

1

2

–

–

(5)
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FIGURE 4. Top: Experimental spectra. Bottom: Reproduced spectra and the residual between the experi-
mental and reproduced spectra when using (top to bottom) 1 to 4 principal components.
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where gj are the eigenvalues defined as

g t j r qj

i

q

ij= =( )
=

∑
1

2 1 2, , , , ,K K (6)

and q is the least of n and m. IND(l) de-
creases steeply with increasing l as long as

significant PCs are included and when these
are exhausted IND(l) levels off. This point,
at which r = l, is most readily recognized
from the second or third derivative of the
indicator function, which have extreme
points. The minimum of the third derivative
at l = 4 in Figure 5 shows that four compo-

FIGURE 5. Top: Logarithm of the indicator as a function of the number of PCs used in data reconstruction.
Bottom: Third derivative of the indicator function.
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nents contribute to the spectra in the previ-
ous example.

The noise in the reproduced spectra is
considerably lower than in the experimental
ones. The reason is that the insignificant PCs
that contain most of the noise have been left
out in the reproduction. To decompose a
data set into principal components and then
reproduce the data from the most significant
PCs is in fact one of the most efficient ways
to reduce experimental noise. In general:

A E T P t p A= + ′ ≈ ′ =× ×
=

∑n r r m

i

r

i i

1

˜
(7)

where Tn×r is an (n × r) matrix having the r
most significant target vectors as columns
and P′r×m is an (r × m) matrix having the r
most significant projection vectors as rows,
r is the number of distinguishable compo-
nents that contribute to the spectra and E is
the error matrix containing the noise that is
left out of the reproduction. In the following
we shall drop the subscripts on T and P′ and
assume that they refer to submatrices con-
taining the r most significant PCs.

B. NIPALS Decomposition

Calculating the eigenvalues of the AA ′
and A′A matrices to determine the PCs is
rather time consuming for the large data sets
usually encountered in spectroscopy. The PCs
may instead be calculated iteratively using
the Nonlinear Iterative Partial Least Squares
(NIPALS) algorithm.13 By NIPALS, the PCs
are extracted pair-wise in the order of de-
creasing significance, and the calculation can
be terminated after any number of iterations.
Because the number of components (r) in
general is much smaller than the number of
samples (n), NIPALS may save consider-
able execution time. NIPALS can also readily
be combined with the statistical tests. After
each iteration, yielding a new pair of PCs,
the indicator and its derivative are evaluated.

When an extreme point in the derivative is
encountered l = r and the iteration is termi-
nated.12

C. Relation between the Principal
Components and the Specific
Responses of the Sample
Components

The principal components are abstract fac-
tors that cannot directly be correlated to
physical properties of the sample compo-
nents. For spectra recorded on a series of
samples, such as those in Figure 2, the target
vectors are related to the components’ con-
centrations and the projection vectors to the
components’ spectral responses. Assuming
linear response, the recorded spectra are re-
lated to the components’ concentrations as

a c v ei

j

r

ij j i i nλ λ λ( ) = ( ) + ( ) =( )
=

∑
1

1, (8)

where cij is the concentration of component
j in sample i,vj(λ) is the normalized response
of component j and ei(λ) is the experimental
error. λ indicates that the spectra are re-
corded as a function of wavelength. In ma-
trix notation (Figure 1):

A CV E CV c vA= + ≈ =
=

∑
j

r

j j

1
(9)

where C is an (n × r) matrix containing the
components’ concentrations as columns and
V is an (r × m) matrix containing the compo-
nents’ spectra as rows. Comparing Eqs. 7
and 9:

A CV TP≈ ≈ ′ (10)

C is in general not equal to T and V is not
equal to P′. The matrices are related through
a rotation, which can be realized by inserting
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an arbitrary square (r × r) rotation matrix ̃R
times its inverse:

CV TP T R R P TR RP≈ ′ = ( ) ′ = ( ) ′( )˜ ˜ ˜ ˜– –1 1 (11)

where the tilde indicates a nonconstrained
matrix. The product of the target and projec-
tion matrices is not a unique solution to Eq.
(10), but any linear combination of the target
vectors multiplied with a reciprocal linear
combination of the projection vectors is a
mathematically equally acceptable solution.
To determine which of these degenerate so-
lutions is correct one must invoke constraints.
The problem can then be defined as finding
the rotation matrix R that under a particular
set of constraints best satisfies:

C TR≈ –1 (12)

V RP≈ ′ (13)

IV. PHYSICAL CONSTRAINTS

The physical constraint approach is ap-
plicable to samples that contain components
that are in chemical equilibrium. The samples
must differ in a physical property, such as
pH, volume, temperature, pressure, ionic
strength, etc., that in a predictable way af-
fects the concentrations of the components.
A single 1-dimensional spectrum recorded
on each sample is sufficient for analysis.
The components’ spectral responses do not
need to be known in advance, but if some are
the information can be used as additional
constraint. The thermodynamic expression
that describes the components’ concentra-
tions is the main constraint used to deter-
mine R, from which thermodynamic param-
eters and components’ spectral responses and
concentrations are calculated.

The strategy is as follows. The compo-
nents’ concentrations are expressed as func-
tions of the thermodynamic parameters (K )
and the physical property (Π) that differen-
tiates the samples:

c f i n j l rij i iΠ Π( ) = ( ) = =( ), , ; ,K 1 (14)

where Πi is the value of the physical param-
eter in sample i and K  is a vector containing
the thermodynamic parameters that describe
the system. The Πι:s are known, while the
K :s are not. A set of trial component concen-
trations is first calculated for a set of trial
values of the thermodynamic parameters,

˜ , ˜ , ; ,c f i n j l rij i iΠ Π( ) = ( ) = =( )K 1 (15)

the trial concentrations are fitted to the target
vectors:

t c rk

j

r

j jk=
=

∑
1

˜ ˜ (16)

and the goodness of the fit is evaluated by
calculating the sum of square residuals:

χ2

1 1 1

2

=










= = =
∑ ∑ ∑
i

n

k

r

ik

j

r

ij jkt c r– ˜ ˜ (17)

The set of trial values of the thermody-
namic parameters that produces the least χ2

is considered correct. A number of examples
follows.

A. pH Titrations

Principal component analysis of the fluo-
rescein absorption spectra in Figure 2 re-
vealed the presence of four species, which
are the cation, neutral species, anion, and
dianion.6 They are involved in the protolytic
equilibria:

 HFl H Fl

H Fl H HFl

H Fl H H Fl

– + 2–

2
– + –

3
+ +

2

K

K

K

3

2

1

← → +

← → +

← → +

and their concentrations are related as:
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H Fl H

H Fl
2

+

3
+

[ ]{ }
[ ] = K1 (18)

HFl H

H Fl

_ +

2

[ ]{ }
[ ] = K2 (19)

Fl H

HFl

2– +

–

[ ]{ }
[ ] = K3 (20)

This can be rearranged to:

c
c

c c cH Fl
H

H H H

tot
3

+

+

+ +

=
+ + +

3

3
1

2
1 2 1 2 3K K K K K K

c

(21)

c
c

c c cH Fl
H

H H H

tot
3

=
+ + +

+

+ +

K

K K K K K K
c

1
2

3
1

2
1 2 1 2 3

(22)

c
c

c c cHFl

2 H

H H H

tot– =
+ + +

+

+ +

K K

K K K K K K
c

1

3
1

2
1 2 1 2 3

(23)

c
c c cFl

2

H H H

tot2– =
+ + ++ +

K K K

K K K K K K
c1 3

3
1

2
1 2 1 2 3

(24)

where K1, K2, and K3 are the three protolytic
constants, andc c c c

H Fl H Fl HFl Fl3 2
,    + – – –, , ,2  and

ctot are vectors containing the concentrations
of the fluorescein species. If the total fluo-
rescein concentration, ctot, is unknown, it is
arbitrarily set to 1 and relative concentra-
tions of the fluorescein species are calcu-
lated. The vectors cH+, c2

H+, and c3
H+ contain

the proton activities and the square and cube
of the proton activities. These are measured
through pH. The protolytic constants are
determined by a grid search. For various
trial values of the protolytic constants, sets
of trial concentration vectors are calculated
and fitted to the target vectors:

t c c c1 11 21 31 41 2= + + ++˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
– –r c r r r

H Fl H Fl HFl F3 2 (25)

t c c c2 12 22 32 42 2= + + ++˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
– –r c r r r

H Fl H Fl HFl F3 3 (26)

t c c c3 13 23 33 43 2= + + ++˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
– –r c r r r

H Fl H Fl HFl F2 2 (27)

t c c c4 14 24 34 44 2= + + ++˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
– –r c r r r

H Fl H Fl HFl F3 2 (28)

For each fit χ2 is calculated and the set of
protolytic constants that produces the best fit
is considered correct. Figure 6 shows sub-
sections of the χ2 surface, which has a global
minimum at pK1 = 2.1, pK2 = 4.3, and pK3 =
6.41. From the surface, one can conclude
that pK2 and pK3 are determined with con-
siderably higher accuracy than pK1.9 The R
matrix that produces the best fit is used to
calculate the components’ spectral responses
and concentrations (Figure 7).

B. Concentration Titrations

Interaction between species can be stud-
ied by varying their relative concentrations.
The simplest system is the dimerization equi-
librium:

2 2A AKD← →

which can be characterized by varying the
total concentration of the species of interest.
This is illustrated in Figure 8 for benzoic
acid characterized by absorption spectros-
copy. With increasing concentration of ben-
zoic acid, the spectrum shifts to lower wave-
length owing to dimer formation. The
concentrations of the benzoic acid monomer
and dimer are related:

K
c

cD = A

A

2
2 (29)

c c cA A tot2
+ =2 (30)

and can be expressed as a function the total
benzoic acid concentration and the dimer-
ization constant:
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FIGURE 7. Calculated spectra (top) and concentrations (bottom) of the fluorescein protolytic species.
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c K K
c

KD D
D

A
tot

2
= ( ) ( ) ++– (–)

– –
4 4

1 2

(31)

c
c K

c K c

D

D

A
tot

tot tot

2 2
=

+ ( )

( )









+

4

4

2 4

1

1 2
2

–

–

– –
( ) (32)

Trial concentrations vectors, ˜cA and c̃A2,
are calculated for different trial values of KD

and fitted to the two most significant target
vectors determined by PCA:

t c c1 11 21= +˜ ˜ ˜ ˜r rA A2
(33)

t c c2 12 22= +˜ ˜ ˜ ˜r rA A2
(34)

Figure 8 shows the χ2 dependence on KD

(top right). The minimum at KD = 15.9 × 103

M–1 defines an R matrix from which the
spectral responses (bottom left) and concen-
trations (bottom right) of the benzoic acid
species can be calculated.

C. Temperature Titrations

Thermodynamic equilibrium constants
depend on temperature as predicted by the
van’t Hoff’s equation:

ln –K T
R

S
H

T
( ) =







∅

∅
1 ∆ ∆

(35)

where ∆H∅ is the molar enthalpy change,
R= 8.31 Jmol–1K–1 is the universal gas con-
stant, and T is the Kelvin temperature. This
can be used as a constraint to characterize
chemical equilibria by studying the spectral
changes induced by temperature. Again with
benzoic acid as example:

K T
c T

c T
D( ) =

( )

( )( )
A

A

2

2

2 (36)

c T c T cA A tot2
( ) + ( ) =2 (37)

where both KD and concentrations now de-
pend on temperature. Matrix R, which re-
lates the concentrations to the target vectors,
has the elements:

R =










r r

r r
11 12

21 22
(38)

Its inverse is:

R–

–

–

–
1

11 22 21 12

22 12

21 11

1=








r r r r

r r

r r (39)

Combining Eqs. 12, 37, and 39

1
2 2

11 22 12 21
1 22 2 21 1 12 2 11r r r r
r r r r

–
– –t t t t

c

+( )

= tot

(40)
which can be written

f f11 1 12 2t t c+ = tot (41)

where

f r r r r r r11 22 12 11 22 12 21

1
2= ( )( )– –

–
(42)

and
f r r r r r r12 11 21 11 22 12 21

1
2= ( )( )– –

–
(43)

f11 and f12 are determined by fitting the two
target vectors to a vector ctot with all ele-
ments equal to ctot. This gives two relations
between the elements of matrix R, making
two of its elements redundant. In principle,

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
0
7
 
1
7
 
J
a
n
u
a
r
y
 
2
0
1
1



Copyright © 1999, CRC Press LLC — Files may be downloaded for personal use only. Reproduction of this material

without the consent of the publisher is prohibited.

15

the two remaining elements of R can be
determined by finding the combination of
∆H∅ and ∆S∅ trial values that produces the
best fit of lnKD(T) vs. 1/T. Such an analysis
is, however, quite unstable.10 Improved sta-
bility is achieved if the spectrum of one of
the components can be recorded separately
and used as additional constraint. For the
benzoic acid system, the spectrum of the
benzoic acid monomer can be measured in a
highly diluted solution. Normalizing the
monomer spectrum to the same total con-
centration as the test sample, it is fitted to the
two most significant projection vectors:

v p p p pmonomer = r r f f11 1 12 2 21 1 22 2′ + ′ = ′ + ′ (44)

where f21 = r11 and f22 = r12 provide another
two relations between the elements of ma-
trix R. These are, however, not independent
of f11 and f12, and the four regression coeffi-
cients cannot be combined to solve for all
the elements of matrix R.14 However, they
can be combined to express R in a single
element, below arbitrarily chosen to be r21:

R = + ( )














f f

r f f r
f

f

21 22

21 22 21 21
11

12

2 2 – (45)

Defined this way, matrix R produces C and
V matrices that are consistent with the known
total concentration of the benzoic acid and
the known spectral response of the benzoic
acid monomer; the value of r21 only affects
the dimer spectrum and the monomer con-
centration profile. For arbitrary values of r21,
trial R matrices are constructed from which
trial concentration profiles are calculated and
combined to give trial equilibrium constants.
Linear regressions of lnKD(T) vs. 1/T are
then performed and evaluated by calculating
χ2. Best fit determines ∆H∅ and ∆S∅, and
from the corresponding R matrix compo-
nents’ spectral responses and concentrations
are calculated (Figure 9).

D. Ionic Strength Titrations

Equilibria between charged species, such
as cationic ligands and nucleic acids, are
readily characterized by ionic strength titra-
tions.

N L NLf b+ ← →K

and

K I( ) = [ ]
[ ][ ]

NL

N L
b

f
(46)

where [N] is the concentration of the nucleic
acid expressed in bases or base pairs and [Lf]
and [NLb] are the concentrations of free and
bound ligand, respectively. In monovalent
salts the logarithm of the equilibrium con-
stant decreases linearly with the logarithm
of the ionic strength:15

log – logK I a b I( ) = (47)

where a is the logarithm of the affinity con-
stant in 1 M salt and b depends on the num-
ber of released counterions upon ligand bind-
ing. In the analysis a and b are treated as
adjustable parameters.17 The total concen-
tration of ligand

c I c I cf b tot( ) + ( ) = (48)

and the spectrum of free ligand, vf(λ), mea-
sured separately, are fitted to the two most
significant target and projection vectors, re-
spectively, and used as additional constraint
to produce the matrix R:

R = + ( )














f f

r f f r
f

f

21 22

21 22 21 21
11

12

– (49)

Linear regression of log(K) with respect
to log(I) is performed for various trial values
of r21 and evaluated by calculating χ2. The
approach is illustrated in Figure 10  by deter-
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mining the affinity of the cationic dye thia-
zole orange for calf thymus DNA.

E. Other Systems

Essentially, any equilibrium system that
can be described in closed form can be ana-
lyzed by the physical constraint approach.
Recent examples are calculation of DNA
protein affinity constants by analyzing tryp-
tophan fluorescence quenching data,17 analy-
ses of micellar systems,18,19 determination of
tautomeric and zwitterionic microspecies
equilibrium constants,20 and determinaton of
association constants21 and acidity constants22

by analyzing infrared spectroscopic data.

V. PROCRUSTES ROTATION

The Procrustes rotation method does not
require any a priori information about the
sample components, and these do not have
to interact. Unrelated samples with common
components can be analyzed. The rotation
ambiguity is here resolved by collecting
correlated three-dimensional data (Figure 11).
In its simplest form, one of the dimensions
has only two elements. There are three prin-
cipal variants that differ in the number of
samples analyzed: many samples can be
analyzed, each by two related 1-dimensional
techniques; a pair of samples can be ana-
lyzed by an appropriate 2-dimensional tech-
nique; a single sample can be analyzed by an
appropriate 3-dimensional technique.

A. Many Samples

A set of test samples with common com-
ponents can be analyzed unambiguously
without making assumptions about spectral
shapes and other modeling by recording two
spectra on each sample, such that the com-
ponent contributions to the two spectra are

identical in shape but of different magni-
tudes. Further, the response should be linear,
i.e., proportional to the components’ con-
centrations:

a v ea
i

j

r

ij j ic i nλ κ λ λ( ) = ( ) + ( ) =( )
=

∑
1

1, (50)

b v eb
i

j

r

ij j j ic d i nλ κ λ λ( ) = ( ) + ( ) =( )
=

∑
1

1,

(51)

where ai(λ) and bi(λ) are spectra of type A
and B, respectively, recorded on sample i, cij

is the concentration of component j in sample
i, vj(λ) is the spectral response of component
j in measurement A, dj is the ratio between
the responses of component j in the two kind
of measurements, κ is an instrument con-
stant, and ei

a(λ) and ei
b(λ) contain the experi-

mental error, which is assumed to be small.
In matrix notation:

A CV c v≈ =
=

∑
j

r

j j

1
(52)

B CDV c v≈ =
=

∑
j

r

j jj jd
1

(53)

where A and B are (n × m) matrices contain-
ing the experimental spectra as rows, C is an
(n × r) matrix having the components con-
centrations as columns, V is an (r × m) ma-
trix having the components spectral responses
as rows and D is an (r × r) diagonal matrix
whose elements djj = dj are the ratios between
the magnitudes of the components’ responses
in the two measurements.

The easiest experimental design to com-
prehend is the combination of absorption
and fluorescence measurements. In regular
absorption spectroscopy, the response is
given by the Beer-Lambert law, which is
equivalent to Eq. 52. Rotating the detector
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by 90° fluorescence excitation spectra are
measured instead (Figure 12). Assuming that
the fluorescence quantum yields are inde-
pendent of excitation wavelength, the
responses are given by Eq. 53, where the
d-values are the fluorescence quantum yields
of the components.

The information in the recorded spectra,
contained in matrices A and B, is sufficient
to determine both the spectral responses of
the components (V), their concentrations in
the samples (C) as well as their relative con-
tributions to the two measurements (D). The
data are analyzed by first laminating the
matrices A and B to produce a single matrix,
which is decomposed to principal compo-
nents by standard procedure (Figure 13):

A

B
TP

T

T
P







= ′ =








 ′

a

b (54)

The upper part of the target matrix corre-
sponds to matrix A and the lower part to

matrix B, while the projection matrix is com-
mon:

A T P= ′a (55)

B T P= ′b (56)

The equation system is solved by calculating
the Procrustes rotation matrix, Q, which
minimizes the difference between Tb and Ta.

T T Qb a= (57)

Matrix Q is named after the highwayman
Procrustes in the Greek tale. Procrustes lived
in Attica and had an iron bed that he re-
garded as the standard length because it just
fit him. He provided travelers with lodging
and during night tied them to the bed. If the
person happened to be too short, Procrustes
stretched him until he attained the correct
length, and if he happened to be too long his
legs were cut. Thus, everyone was made
identical in size.

FIGURE 12. Set up for absorption (top) and fluorescence excitation (bottom) measurement.
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FIGURE 13. Schematic representation of the principal component decomposition of the laminated data

matrix 
A

B






 into a product of a target (T) and a projection (P′) matrix.

The Procrustes rotation matrix is calcu-
lated by the least square method.

Q T T T T= ( )′



 ( )′a a a b

–1

(58)

Because the projection vectors are or-
thonormal

′ =P P I (59)

where I  is the (r × r) identity matrix. Equa-
tions 52, 53, 55, and 56 give

T AP CVPa = = (60)

T BP CDVPb = = (61)

Introducing the rotation matrix R,

C T R= a –1 (62)
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V RP= ′ (63)

gives

DR DVP C C CT C C CT Q

VPQ RQ

= = ′( ) = ′( )
= =

– –1 1b a

(64)

Transposing both sides

′ = ′ ′R D Q R (65)

where D′ = D. Because D is diagonal this is
a nonsymmetrical eigenvalue equation that
is solved by diagonalizing Q′. This deter-
mines matrix D as well as matrix R, from
which matrices C and V are calculated.
Matrix D is determined absolutely, while
matrices C and V must be normalized.4

The combination of absorption and fluo-
rescence excitation spectra has the technical
disadvantage that different instruments are
used for the two measurements, which leads
to errors owing to inaccurate wavelength
calibrations and instrument non-linearity. It
is preferable to analyze pairs of excitation
spectra, i.e., two excitation spectra recorded
at different emission wavelengths on each
sample, or pairs of emission spectra recorded
at different excitation wavelengths. In Fig-
ure 14, emission spectra of fluorescein re-
corded at two different excitation wave-
lengths at various pH in the range 5.4 to 7.9
are shown. The spectra are described by:

I Iλ κ λ λem pH

ex

j

r

j
pH

j ex j emc I( ) = ( ) ( )
=

∑1

1

1 (66)

I Iλ κ λ λem pH

ex

j

r

j
pH

j ex j emc I( ) = ( ) ( )
=

∑2

1

2 (67)

In matrix notation

M CX Mex ex1 1= κ (68)

M CX Mex ex2 2= κ (69)

where M ex1 and M ex2 contain the recorded
emission spectra, C contains the concentra-
tions of the components, Xex1 and Xex2 con-
tain the normalized excitation intensities and
M  contains their normalized emission spec-
tra. κ is an instrument constant. Renormal-
izing

M CMex1 = (70)

M CXMex2 = (71)

C now contains the components’ emis-
sion spectra scaled by their excitation inten-
sities in the first measurement and X is a
diagonal matrix containing the ratios between
the components’ excitation intensities at the
two excitation wavelengths used:

x
I

Ijj
j ex

j ex

=
( )
( )
λ
λ

2

1
(72)

PCA revealed that two components con-
tribute to the spectra, which are the mono
and dianion, and by Procrustes rotation their
emission profiles and concentrations were
calculated (Figure 14), as well as the ratios
between their excitation intensities

I I

I I

Fl ex fl ex

HFl ex HFl ex

2 22 1

2 1

3 0

1 5

– – .  

.

λ λ

λ λ

( ) ( ) =(
( ) ( ) = )

and 

_ _

B. Pairs of Samples

Procrustes rotation can also be used to
analyze a pair of samples, for example, by
recording emission spectra at a large number
of excitation wavelengths, or by recording
excitation spectra at a number of emission
wavelengths. Figure 15 shows emission spec-
tra recorded at many excitation wavelengths
of fluorescein samples at pH 5.56 and 6.53.
The spectra are described by:
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I Iλ κ λ λem ex

pH

j

r

j ex j
pH

j emI c( ) = ( ) ( )
=

∑1

1

1
(73)

I Iλ κ λ λem ex

pH

j

r

j ex j
pH

j emI c( ) = ( ) ( )
=

∑2

1

2
(74)

In matrix notation

M XC MpH pH1 1
= κ (75)

M XC MpH pH2 2
= κ (76)

where matrices X and M  contain the normal-
ized excitation and emission spectra of the
components, and the diagonal C matrices
contain the components’ concentrations in
the two samples. Renormalizing

M XMpH1
= (77)

M XCMpH2
= (78)

C now contains the ratios between the
components’ concentrations in the samples

c
c

cjj
j
pH

j
pH=

2

1 (79)

PCA revealed the presence of two com-
ponents, and by Procrustes rotation their
excitation and emission spectra were calcu-
lated (Figure 15), as well as their concentra-
tion ratios

c c c c
Fl

pH

Fl

pH

HFl

pH

HFl

pH
2

2
2
1 2 14 5 0 48– – – –.   .= =( )and

Successful Procrustes rotation analysis
requires that all the elements in the diagonal
matrix are different, so additional samples
cannot be generated by dilution. However, a
single sample can be split into aliquots with
unequal relative components’ concentrations
by, for example, solvent extraction. Hence,
one can start with a single test sample, split
it into two aliquots and determine the spectra

of its components from which they can be
identified.7

C. A Single Sample

It is also possible to identify the compo-
nents directly in a single test sample by an
appropriate 3-dimensional measurement.
This is illustrated in Figure 16, where fluo-
rescence excitation/emission scans were re-
corded on a single sample using vertically
and horizontally polarized light. Two com-
ponents were found by PCA, and their spec-
tra were calculated by Procrustes rotation.

A single sample can also be analyzed by
NMR measurements, as shown by Schulze
and Stilbst.23 They analyzed a sample in NMR
self-diffusion measurements by varying the
amplitude of the gradient pulses and the
magnetic field. By also using different gradi-
ent pulses, two data sets were generated and
Procrustes analysis could be performed. By
utilizing that the signal response is exponen-
tial, Antalek and Windig25 showed that the
two required data sets for Procrustes rotation
analysis could be generated from a single
experimental set by shifting the intensities
along the measurement dimension:

a ei

j

r
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k x
x c j( ) =

=
∑

1

–

(80)

b a e

e e

i i

j

r

ij

k x

j
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ij

k x k
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j j

( ) = +( ) =

=

=

+

=

∑

∑

∆ ∆

∆

1

1

– ( )

– –
(81)

From the experimental data, ai(x), both
the components concentrations, cij, and de-
cay constants, kj, are determined. The ap-
proach was recently applied in the analysis
of magnetic resonance 2D images.25
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D. Generalized Procrustes Rotation

So far, we have only discussed cases
where one of the three dimensions in
Procrustes rotation analysis has exactly two
elements, which is sufficient to obtain a
unique solution. However, one can readily
collect data with many elements in each di-
mension. For example, by recording excita-
tion/emission scans of samples at many dif-
ferent pH. The analysis of such large data
sets is, however, nontrivial, because the regu-
lar Procrustes rotation approach cannot be
used. Liwo´s group recently developed a pro-
cedure based on finding initial conditions
for a general global minimization using the
Procrustes approach.26 They tested the analy-
sis on fluorescence spectra collected from
several samples and indeed found that
highly accurate solutions were obtained. Al-
though the approach is stable, finding the
global minimum took several hours on a
standard personal computer for a typical data
set. A new mathematical algorithm to solve
this problem was recently developed by
Ibraghimov.27,28 The number of arithmetic
operations is proportional to the number of
independent chemical species present, in-
stead of being proportional to the number of
samples as in Liwos algorithm, resulting in
reasonable execution times with most data
sets.

E. Reaction Kinetics, Decay
Kinetics, and Chromatography Data

Procrustes rotation can also be applied
to kinetic data. For example, monitoring stop-
flow kinetics by diode-array fluorescence
detection, using (at least) two excitation
wavelengths, components’ spectral re-
sponses, and their kinetic profiles, including
those of intermediate species, can be deter-
mined without making model assumptions.
Similar approaches can be used to analyze
chromatographic data. Recording fluores-

cence spectra at two excitation wavelengths
at each time point, the contribution from the
components can be separated without mak-
ing assumptions about spectral responses or
shapes of elution profiles. Procrustes rota-
tion is also expected to be valuable for analy-
sis of decay kinetics, such as fluorescence
decays. Recording time-resolved fluores-
cence emission spectra at two excitation
wavelengths, it is possible to determine both
the emission spectra and intensity decays of
all components including intermediate spe-
cies, without making model assumptions. No
such applications have yet been described
though, but we expect them to become im-
portant in the future.

SUMMARY

Chemometric methods that compare
measured spectra with those of standards are
today commonly used to solve problems in
research and in industry. Here we show that
even when the spectra of the components are
not known, successful analysis is possible.
Depending on the dimensionality of the ex-
perimental data, the physical constraint ap-
proach or Procrustes rotation can be used to
calculate the spectra and the relative concen-
trations of the components.
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